Abstract. Let X → P 1 be an elliptically fibered K3 surface with a section, admitting a sequence of Ricci-flat metrics collapsing the fibers. Let E be a generic, holomoprhic SU (n) bundle over X such that the restriction of E to each fiber is semi-stable. Given a sequence Ξi of Hermitian-Yang-Mills connections on E corresponding to this degeneration, we prove that, if E is a given fiber away from a finite set, the restricted sequence Ξi|E converges to a flat connection uniquely determined by the holomorphic structure on E .
Introduction
In this paper we study degenerations of Hermitian-Yang-Mills connections on a K3 surface. We are motivated by the work of Gross-Wilson [16] , and later Gross-Tosatti-Zhang [17, 18] , who study Ricci-flat metrics on elliptically fibered Calabi-Yau's as the volume of the fibers tends to zero (see also [33, 34, 35] ). These types of degenerations relate to the conjectural picture of mirror symmetry put forth by Strominger-Yau-Zaslow [31] , who postulate that mirror Calabi-Yau manifolds are given by dual torus fibrations over a real base with a singular affine structure. One major challenge when confronting this conjecture is the difficulty associated with constructing Lagrangian torus fibrations on a given Calabi-Yau. However, if one instead considers degenerations of Calabi-Yau's, the fibration structure often becomes apparent in the limit.
Vafa's extension of the mirror symmetry conjecture to include holomorphic bundles raises the question of how Yang-Mills connections behave under these degenerations [40] . For a general abelian fibered Calabi-Yau, Fukaya makes the following conjecture: Given a sequence of Yang-Mills connections on a family of Calabi-Yau metrics with collapsing fibers, there exists a rectifiable set in the base of real codimension at least 2, such that on all fibers away from this set, the connections have bounded curvature, and the restriction to each torus fiber converges to a flat connection [13] . In the context of SYZ mirror symmetry, a fiberwise flat connection will define a Lagrangian submanifold L in the mirror Calabi-Yau, and Fukaya further conjectures there exists a corresponding mirror sequence of Lagrangians converging to L. In this paper we partially address the vector bundle portion of Fukaya's conjecture, in the case of a fixed holomorphic SU (n) bundle over a K3 surface.
1
Our setup is as follows. Let π : X → P 1 be an elliptic K3 surface with section. Let ω P 1 be a Kähler form on P 1 , and ω X a Kähler form on X. Given the family π * ω P 1 + tω X , which approaches the boundary of the Kähler cone, let ω t be the unique Ricci-flat metric in the class [π * ω P 1 + tω X ] given by Yau's theorem [42] . Gross-Willson prove these Ricci-flat metrics converge in the Gromov-Hausdorff sense, after rescaling, to a Hessian metric of Monge-Ampère type on the base of the fibration [16] . Gross-Tosatti-Zhang generalized this result to any abelian fibered projective Calabi-Yau manifold in [17, 18] , and in particular they prove that on a holomorphic Lagrangian fibration (a case which includes elliptic K3 surfaces), the limiting metric is a special Kähler metric on the base (see Section 3 for a discussion of these metrics).
Let (E,∂ Ξ 0 ) be a holomorphic SU (n) bundle over X, and fix an initial metric H 0 on E. We make three assumptions on E. First, assume E is generic in the sense of Definition 5.2, and second assume that the restriction of E to each elliptic fiber is semi-stable (this condition does not depend on a background Kähler form). Finally, assume E is stable with respect to ω t 0 for some t 0 > 0. It follows that E is stable with respect to ω t for all 0 < t ≤ t 0 (see Proposition 2.3). As a result, for any sequence ω t i with t i → 0, by the theorem of Donaldson, Uhlenback-Yau [5, 39] , there exists a corresponding sequence of connections Ξ i solving the Hermitian-Yang-Mills (HYM) equations:
and (F Ξ i ) 0,2 = 0.
In fact, we can choose our sequence so that each Ξ i is complex gauge equivalent to Ξ 0 (see (2.1)). Furthermore, the sequence of connections Ξ i will always have bounded Yang-Mills energy with respect to ω t i (see Proposition 2.4). We can now state our main result: Theorem 1.1. Let π : X → P 1 be an elliptically fibered K3 surface admitting a section. Consider a sequence of degenerating Ricci-flat metrics ω t i which collapses the fibers. Suppose E is a generic, holomorphic, SU (n) bundle over X which restricts to a semi-stable bundle on each fiber. If E is stable with respect to ω t 0 for some t 0 > 0, there exists a sequence Ξ i of HermitianYang-Mills connections corresponding to ω t i , for all 0 < t i ≤ t 0 . Away from a finite number of fibers, the restriction of Ξ i to a fiber E converges in L 2 1 to a flat connection A 0 on E| E :
Here, H 0 is a fixed metric on E, g 0 a fixed metric on E, and A 0 is uniquely determined by the holomorphic structure on E. The above convergence can be improved to smooth convergence, along a subsequence and modulo unitary gauge transformations.
The idea of our proof is as follows. Because our sequence of connections has bounded Yang-Mill energy, a bubbling argument shows that the away from a finite number of points, on a given fiber E, the curvature of Ξ i | E must approach zero in the C 0 norm. This step closely follows the first two cases from the bubbling argument of Dostoglou-Salamon, from their proof of the Atiyah-Floer conjecture [6, 7] . Write A i for our sequence of restricted connections. Our next step is to identify the flat connection on each fiber to which A i will converge.
To accomplish this, we incorporate into our setup a working understanding of the moduli space of flat connections on an SU (n) bundle over an elliptic curve. We follow the work of Friedman-Morgan-Witten (see [9, 10, 11, 22] and references therein), who provide not only an explicit construction of this moduli space, but also a description of the space of SU (n) bundles over elliptic fibrations whose restriction to each fiber is semi-stable. This leads to the construction of a spectral cover for E, which we use to define a local HYM connection to be used as reference connection when defining norms. This reference connection also serves as the fiberwise limit A 0 .
Once the flat connection A 0 is identified, on a fixed elliptic fiber E, we need to demonstrate convergence
1 (E), using the fact that the curvature F A i tends to zero. We use the observation that, due to how our sequence Ξ i is constructed, there exists a sequence of Hermitian endomorphisms s i satisfying A i = e s i † A 0 (where this action is defined by (2.1)). Although there is no hope of achieving C 0 control of s i , we do prove a gauge fixing result, and demonstrate that there exists a suitable normalization s ′ i , defining the same connection, which in addition satisfies a uniform C 0 bound. This is perhaps the most significant contribution of this paper, and is detailed in Theorem 6.1. One key aspect of this theorem is a Poincaré ineuqlaity (6.1), which relies on our assumption that E is generic (see Defintion 5.2). From here, the convergence stated in Theorem 1.1 follows from standard theory. Our work builds off builds off of several previous results beyond the bubbling argument of Dostoglou-Salamon. Working the product of two compact Riemann surfaces with trivial fibration π : Σ 1 × Σ 2 → Σ 1 , J. Chen considers a family of metrics collapsing the fibers, and analyzes the convergence of a corresponding family of anti-self dual Yang-Mills connections [3] . Assuming that Σ 2 has genus at least two, he proves that, after applying a sequence of gauge transformations and away from a bubbling set in the base, the fiber component of the connection will converge continuously to a flat connection. Following this work, and using Fukaya's gauge fixing theorem from [14] , T. Nishinou improves upon Chen's result, demonstrating that, away from a finite number of fibers, a sequence of anti-self dual Yang-Mills connections will converge smoothly, modulo gauge transformations, and the restriction of the limit to Σ 2 will be flat [23] . We note that Nishinou assumes that there exists an irreducible component of the moduli space of flat connections over Σ 2 which is smooth and of expected dimension. In particular this implies there exists no reducible flat connection in this component. The failure of such an assumption to hold over an elliptic curve is a major obstacle to extending the results [3, 23] to elliptic fibrations, and it is because of these difficulties that the work of Friedman-Morgan-Witten fits prominently into our arguments.
In the case of SU (2) bundles over the product ofelliptic curves, in [25] Nishinou is able to partially extend his above results, after utilizing his gauge fixing theorem from [24] . In some ways, our Theorem 6.1 can be thought of as a generalization to higher rank of this gauge fixing theorem, although our setup is different in that we have already assumed existence of a fixed holomorphic structure. In fact, this assumption serves as a major simplification throughout our paper, compared to the general case of a sequence of anti-self dual Yang-Mills connections considered in [3, 6, 14, 23, 25] . The most notable simplification is that, because our sequence of connections Ξ i are all complex gauge equivalent to Ξ 0 , we can bypass working with a sequence of holomorphic maps (which plays a role in [3, 23, 25] ), as well as the more difficult type three bubbles of Dostoglou-Salamon [6, 7] . Additionally, this assumption allows us to prove our initial convergence result directly, without relying on unitary gauge transformations. Gauge transformations are only required to achieve smooth convergence.
Although our main result only applies to the restriction of Ξ i to each fiber, one may hope to demonstrate convergence on any compact set away from a finite number of fibers. Nishinou achieves this in [23] and [25] , as his assumptions allow a Poincaré type inequality in a neighborhood of a fiber, even in the elliptic curve case (this follows from the estimate in Lemma 6.43 from [14] ). This estimate implies that once C 0 control of the complexified gauge transformation is demonstrated on one fiber, it holds for nearby fibers. Unfortunately we are unable to extend Lemma 6.43 from [14] to our setting, as our Poincare inequality (Proposition 6.2) requires a normalization that only holds fiberwise. However, we remain optimistic that another approach towards convergence in the base direction will work. One idea is to follow the approach taken by Fu in [12] , who considers a specific rank two bundle over the product of two elliptic curves which is given by a two sheeted spectral cover (see Section 5) . He defines a reference metric which satisfies desired asymptotic behavior near the ramification points of the cover, and then demonstrates that the a sequence of HYM metrics will converge smoothly to this reference metric. Because in our setting we consider a spectral cover as well, one may hope to extend Fu's result to the K3 surface case. Here, one major difficulty is the problem of constructing a reference metric near the singularities of the fibration. It is possible that the asymptotic of the metrics constructed in [4, 28, 29] may provide a clue, and we hope to investigate these types of constructions in future work.
Our paper is organized as follows. In Section 2, we introduce the necessary background on vector bundle stability and prove two preliminary results. In Section 3 we describe in detail semi-flat Kähler metrics on a K3 surface, which serve as a local model for our degenerating Ricci-flat metrics away from the singular fibers. We then move on to our bubbling argument in Section 4, followed by our discussion of bundles over elliptic fibrations and the construction of A 0 in Section 5. Our gauge fixing result is proven in Section 6, and in Section 7 we complete the proof of our main theorem, and demonstrate convergence of our connections.
Stability and Hermitian-Yang-Mills connections
In this section we define the relevant notions of stability needed to construct our sequence of HYM connections, and prove some initial results.
Let X be a compact Kähler manifold of complex dimension n, with Kähler form ω. Let (E,∂ Ξ 0 ) be a holomorphic bundle over X. Given a Hermitian metric H 0 on E, there exists a unique connection, called the Chern connection, compatible with both the metric and the holomorphic structure. Denote this connection by Ξ 0 . The degree of E is defined by the following integral:
Given two metrics on E, the curvatures of the two corresponding Chern connections will differ by a ∂∂-exact term, demonstrating that the degree is independent of a choice of metric. Furthermore the degree does not depend on the representative of the Kähler class [ω] . However, for n > 1, changing the class may change the degree.
(E, ω) is semi-stable if the above expression holds with a weak inequality.
Note that if F is not locally free, its degree is defined by computing the degree of det(F), which is always a line bundle.
On any complex manifold, the space of one forms decomposes into the eigenspaces for ±i with respect to the complex structure. This allows us to write the any connection Ξ as Ξ = Ξ 1,0 + Ξ 0,1 . Using this decomposition, one can define an action of the complexified gauge group on the space of connections. Specifically, if σ ∈ GL(E), then
Note that if σ is in fact unitary, the above action reduces to the standard action of the unitary gauge group. In this case, we use the standard notation u * Ξ for the unitary action.
5
In this paper we are interested in the behavior of Hermitian-Yang-Mills connections (HYM), which solve the following set of equations:
The second equation above stipulates that Ξ is compatible with the holomorphic structure on E. By definition this is satisfied by the Chern connection Ξ 0 , and one can check this compatibility is preserved along the action (2.1). This leads to the following question: Given a holomorphic vector bundle with fixed metric H 0 , does there exist a solution to F Ξ ∧ ω n−1 = 0 in the orbit of (2. In fact, one can prove that if Ξ is the unique Hermitian-Yang-Mills connection, it can be expressed as Ξ = e s † Ξ 0 , where s is a trace free Hermitian endomorphism of E.
Given this background, we now turn to our setup. Let π : X → P 1 be an elliptically fibered K3 surface with a section. Let Z π ⊂ P 1 denote the image of the singular fibers. Let ω P 1 be a Kähler form on P 1 , and ω X a fixed Kähler form on X. As stated in the introduction, we consider degenerations of the form
For each t ∈ (0, 1], let ω t be the unique Ricci-flat Kähler metric in the class [π * ω P 1 + t ω X ]. It is with respect to this family of Kähler forms ω t that we consider our degenerating HYM connections. We detail three assumptions on our bundle E over X. First, assume (E,∂ Ξ 0 ) is a holomorphic SU (n) bundle. This implies the curvature F Ξ 0 is trace free, and so deg(E, ω) = 0 with respect to any Kähler class on X. As a result, the stability of E is equivalent to the condition that every proper, torsion free subsheaf F ⊂ E has negative degree. Next, assume the restriction of E to any non-singular elliptic fiber is semi-stable. Because the complex dimension of each fiber is one, this condition is also independent of the choice of a Kähler class on X. Not only is this second assumption important for the proof of Proposition 2.3 below, but it is necessary for the construction of E via a spectral cover, which we detail carefully in Section 5. Finally, we assume E is generic in the sense of Definition 5.2. This assumption is needed to prove our Poincaré inequality, as well as our gauge fixing theorem (see section 6). We save discussion of the generic assumption for Section 5, and instead prove two immediate consequences of our first two assumptions.
Proposition 2.3. Let E be a holomorphic SU (n) bundle over X which restricts to a semi-stable bundle on each non-singular fiber E p := π −1 (p), for p ∈ P 1 . Let ω t be the family of degenerating Ricci-flat Kähler metrics defined above. If E is stable with respect to ω t 0 for some t 0 > 0, E is stable with respect to ω t for all 0 < t < t 0 .
Proof. We work with the family π * ω P 1 +tω X as opposed to ω t , since stability is independent of the representative of the Kähler class. As mentioned above, the stability of E is equivalent to the condition that every subsheaf F ⊂ E has negative degree. Suppose F is a torsion-free subsheaf of E, and let h be a metric on the line bundle det(F). We consider two cases. First, assume that
where the last inequality follows since E is stable with respect to ω t 0 . Thus in this case E is stable with respect to ω t 0 . Now, suppose instead that
Choose an open set U ⊂ P 1 \Z π , holomorphic coordinates (w, z) on π −1 (U ), and write
In these coordinates we can write
Where E p = π −1 (p) for a point p ∈ U . Our semi-stability assumption gives
Since g 0 > 0, and the above computation works in any coordinate patch away from the singular fibers, and so we conclude
completing the proof.
Assume that (E,∂ Ξ 0 ) is stable with respect to ω t 0 for some t 0 > 0. Thus, by the above Proposition, for each 0 < t < t 0 , there exists a corresponding HYM connection Ξ t on E. Let g t be the Kähler metric associated to the form ω t . For any metric g on X and connection Ξ on E, the Yang-Mills energy is defined by the following integral
We see that this energy is controlled along our one parameter family, in the following sense:
Lemma 2.4. For all t > 0 the Yang-Mills energy of Ξ t taken with respect to the metric g t is fixed, i.e.
YM(Ξ
Proof. Let iΛ ω denote the adjoint of wedging with the Kähler form ω. Then the equation F Ξ ∧ ω = 0 can be equivalently expressed as iΛ ω F Ξ = 0. Equality (4.4.5) in [21] shows that for any complex surface X one has
Since F Ξt is HYM with respect to g t , the right most term vanishes, and so
The right hand side above yields a topological invariant [c 2 (E)− 1 2 c 2 1 (E)]∪ X, and is thus independent of t, proving the lemma.
Semi-flat Kähler metrics
In this section, we review in detail the construction of semi-flat Kähler metrics on a K3 surface. These metrics will not only describe the limiting behavior of the Ricci-flat metrics ω t in dilated coordinates, and thus play a role in our bubbling arguments, but they also prescribe the complex structure on each elliptic fiber of π : X → P 1 . This will be useful for our understanding of the holomorphic structure∂ Ξ 0 of E.
To begin, we first introduce the notion of a special Kähler metric, which live on the base of our elliptic fibration. Specifically, given the family ω t , Gross-Tosatti-Zhang demonstrate that the regular part of the limit defines a special Kähler metric on P 1 \Z π , where Z π is the image of the singular fibers [18] (later Tosatti-Zhang extended this result to the general hyperKähler case [35] ). Here we include a general discussion of such metrics, following closely the paper of Freed [8] . We include the relevant details for the reader's convenience.
Let B be a Riemannian manifold of real dimension two. Assume T B admits a flat, torsion free connection ∇ B , which gives a covering of B by local affine coordinate charts. Furthermore assume the coordinate transformations lie in SL(2, R). Let (x 1 , x 2 ) be coordinates in a local chart, and let φ ij dx i dx j be a Hessian metric solving the real Monge-Ampere equation
Consider the locally defined 2-form ω B = dx 1 ∧ dx 2 . Because SL(2, R) = Sp(2, R), any matrix A ∈ SL(2, R) preserves ω B , and thus ω B is well defined on all of B. It defines both a natural symplectic form and a volume form. Furthermore, ∇ B ω B = 0, and so ∇ B is a symplectic connection. Taken together, ω B and φ ij define an almost complex structure I on T M , which in coordinates can be expressed by
for k = 1, 2. One can show explicitly that Nijenhuis tensor of I vanishes and thus it is integrable. To see that B is special Kähler, note in affine coordinates the flat connection ∇ B is simply given by d, and so
which follows because φ ij is a Hessian metric.
Given the complex structure I, we can give holomorphic coordinate functions on B. For simplicity denote ∂φ ∂x i by φ i . We recall the following lemma from [8] .
Lemma 3.2. The functions
are holomorphic with respect to the complex structure I.
For the remainder of the paper we choose w as our holomorphic coordinate on the base. We would like to better understand the holomorphic vector field ∂ ∂w . Consider the following explicit formula from [8] :
Thus we need to understand the function ∂ξ ∂w . As a first step, note that the coordinate transformation T (x 1 , x 2 ) → (w,w) has pushforward matrix
where we have used det(φ ij ) = 1. Thus
Again, the last equality follows from the equation det(φ ij ) = 1. We will use the notation τ := ∂ξ ∂w , as τ will define the complex structure of our elliptic fibers. Given a special Kähler base B, we now construct a hyper-Kähler structure on T B. Quotienting out T B by a lattice Λ will give a local model for our elliptic fibration X away from the singular fibers. Because we are interested in degenerations, all our data will first depend on a real parameter s which collapses the elliptic fibers. We then relate s to our parameter t.
Let (x 1 , x 2 ) be affine coordinates on B, and let φ ij be a Hessian metric. On T B we use coordinates (x 1 , x 2 , y 1 , y 2 ), and for s ∈ R + , we construct the following family of metrics:
With this metric we define three complex structures which make up a hyperKähler triple. By a slight abuse of notation, let I denote the complex structure on T B induced from the complex structure I on the base. In particular I can be expressed as
In this complex structure the fibers are holomorphic subvarieties. Next we consider a family of complex structures J s where the fibers are special Lagrangian. Explicitly we have
Using the metric g s the corresponding Kähler form is
Note ω J is independent of the parameter s. Finally, one can define the family of complex structures K s = IJ s , which together with g s gives the Kähler form
It is easy to see that ω I,s , ω J and ω K are closed, and by a lemma of Hitchin [19] it follows that I, J s , and K s are integrable complex structures. In the standard fashion we can construct the following top dimensional holomorphic forms:
Note the metric and complex structures defined above are invariant under translation in the y−coordinates. Thus if Λ is the standard lattice 1, 1 , the entire setup will descend to the elliptically fibered manifold T B/Λ.
Next we construct complex coordinates on T B/Λ. We have a complex coordinate w on the base B, and in the fiber direction we define
Here τ represents the complex period of the elliptic curve, and is given by (3.1). We have already seen that τ varies holomorphically in w. This leads to the following: Lemma 3.3. The coordinates (w, z) are holomorphic coordinates on T B/Λ with respect to I.
Proof. Lemma 3.2 shows that w is holomorphic, and so it remains to be seen that dz(V ) = 0 for all vector fields V of type (0, 1). Taking the exterior derivative of z gives
where we used τ is holomorphic. At first glance the term y 1 ∂τ ∂w dw may seem out of place, however, it is important to remember that unless τ is constant, our local picture is not the cartesian product of the base with an elliptic curve. Therefore this term is expected.
Consider the vector field ∂ ∂z = 1 2
From the explicit form of dz, we see that in order for ∂ ∂z to be anti-holomorphic, it needs to be killed by the form dw on the base.
Using the definition of I, and the fact that det(φ ij ) = 1, we compute 
So dz( We conclude this section with a more detailed discussion of how the Ricciflat Kähler metrics ω t behave in the limit. Fix a small open set U ⊂ B, and define V := π −1 (U ). As above, we have the Kähler form ω B on U , and the family of forms ω I,s on V . Denote ω I,1 by ω SF , which we refer to as the semi-flat metric. Consider the family
Setting s 2 = t/(1 + t), we have
which is the same type of degeneration as (2.2). In fact, the above family serves as a model for the limiting behavior of ω t .
Specifically, following [17] , there exists a constant C so that for t small enough
To relate this to the semi-flat metric ω SF , consider the projection p : U × C → V given by quotienting out by Λ, and the coordinate transformation
For a holomorphic section σ : U → V , let T σ denote fiberwise translation by σ. Then, Lemma 4.2 in [17] demonstrates that there exists a holomorphic section σ and a constant C so that for t small enough
In this way the degeneration (3.4) serves as a model for the limiting behavior of ω t . For more detailed convergence results, we direct the reader to [17, 18] .
Bubbling
We now present our bubbling argument, following the first two cases from [6] . For the remainder of the paper, we do not consider the entire family of Hermitian-Yang-Mills connections Ξ t for 0 < t < t 0 , and instead focus on a particular sequence t i → 0 as the fiber degenerates. This is necessary, as the arguments in this section can only be applied to sequences. The downside of this approach is that the bubbling set will depend on which sequence we choose, although one can hope that with further analysis this set can be uniquely identified.
Consider the family of Ricci flat metrics ω i = ω t i . Choose a compact set K ⊂ P 1 \Z π , where as before Z π is the image of the singular fibers under π. In a neighborhood U of any point b ∈ K, we can choose affine coordinates (x 1 , x 2 ) where b is at the origin, and coordinates (x 1 , x 2 , y 1 , y 2 ) on π −1 (U ). The curvature of Ξ i can now be decomposed as
where F B i and F A i denote the base and fiber directions of the curvature, and κ i denotes the mixed terms. For each b ∈ K we define the quantity
where g X is the metric associated to the fixed Kähler form ω X .
Proposition 4.1. There exists a finite number of points {q 1 , ..., q ℓ } ⊂ K such that for any compact set
In particular, for any b ∈ K \ {q 1 , · · · , q ℓ },
We remark that this implies at most a finite number of points can bubble on P 1 \Z π , since the Yang-Mills functional is globally controlled.
Proof. Let b i be a sequence of points in K for which t i m i (b i ) does not approach zero. We will show that this implies a finite amount of energy must bubble off along this sequence. By the total energy bound (Lemma 2.4), there can only be a finite number of points in K where bubbling occurs.
The proof closely follows the arguments of [3, 6, 23, 24] and is divided into two cases. The first case occurs when t i m i (b i ) is unbounded, and the second when t i m i (b i ) stays bounded above, yet is also bounded away from zero. Unless mentioned otherwise, all bundle norms in this section are with respect to H 0 , so we suppress H 0 from our notation for simplicity.
Given our sequence b i , there exists corresponding points a i in E b i where the supremum is obtained, and without loss of generality we can assume
) denote a disc of radius r in the metric g P 1 (corresponding to ω P 1 ) in the base. We will show there exists a universal constant ǫ 0 > 0, so that the inequality
holds for any small r > 0. Since the total energy is finite, a standard covering argument then shows that there can only be finitely many bubbles of this type. Suppose (4.1) does not hold. Then there exists an r 0 so that for sufficiently large i,
It follows from (3.6) that there is a universal constant c > 0, so that the
In particular we have the following bound
We now rescale our coordinates and metrics. Consider the coordinate change
and letω i = t −1 i λ * i ω i . Then, again by (3.6),ω i is uniformly equivalent to the Euclidean metric in the scaled coordinates, which we denote byg 0 . Moreover the ball B i pulls back to ag i -geodesic ballB i , which contains a Euclidean ballB. The ballB can be chosen to have uniform size independent of i. Now, ifΞ i is the pull-back connection to these new coordinates, then the HYM equation is again satisfied
Change of variables and the scale invariance of the Yang-Mills energy in dimension four implies
Sinceg i is uniformly equivalent tog 0 onB for large i, andΞ i satisfies (4.2), we can apply the standard ǫ-regularity argument for Yang-Mills connections on a fixed ballB [37] . Thus, for ǫ 0 small enough (depending only on the real dimension 4 of X), the above L 2 control implies Scaling back, we see
Hence we achieve control of t i m i (0), which we have assumed diverges, a contradiction. Let W 1 denote the set of points in K at which bubbles of this type appear. Case 2. t i m i (b i ) is bounded above and away from zero.
In this case an instanton on C × E bubbles off. We follow the outline of [23, 24] , using an energy quantization result of Wehrheim [41] .
Suppose b i → q ∈ K\W 1 , and let D 2ρ (b i ) denote a disc of radius 2ρ in the metric g P 1 in the base. Suppose there exists constants δ and Λ so that
The rightmost inequality holds since for large enough i we can assume D 2ρ (b i ) ⊂ K\W 1 . By making ρ smaller if necessary, we can furthermore assume that π −1 (D 2ρ (x i )) is topologically a product between a ball in C and an elliptic curve E, although the complex structure may vary.
We preform the same scaling as in Case 1. This involves first rescaling the metric, then applying a coordinate translation and dilation. The disk D 2ρ (x i ) pulls back toD 2ρ/ √ t i (0), the geodesic disk with respect to the Euclidean metricg 0 in the scaled coordinates. We consider the metrics
It follows from the arguments used in the proof of [36, Theorem 1.1] (cf. pages 2936-2937) thatω i converge sub-sequentially and smoothly to a limiting flat product metric ω ∞ on C × E.
Our sequence of scaled connectionsΞ i is defined onD 2ρ/ √ t i (0) × E, and for any point p ∈D 2ρ/ √ t i (0), we have
This implies |FΞ i |g i is uniformly bounded. By a Theorem of Uhlenbeck, this bound, along with (4.2), implies there exists a subsequence of connections which converges smoothly, modulo unitary gauge transformations, to a limiting connectionΞ ∞ on the trivial SU (n) bundle over C × E [37] . The connectionΞ ∞ will be ASD with respect to the limiting product metric ω ∞ . Furthermore, by assumption,
and it follows that the limiting connection is not flat. An energy quantization result of Wehrheim [41] implies there exists a universal constant ǫ 0 > 0 so that
This implies that there exists an R > 0, so that for i sufficiently large,
Thus there can be only finitely many bubbles of this type, and denote the set of all such bubbles by W 2 . This concludes the proof of Proposition 4.1.
Holomorphic bundles over elliptic manifolds
As opposed to proving bubbling estimates for the more difficult case of type three bubbles (see [6, 7] ), we instead work with the spectral cover of E. This construction allows us to identify the limiting flat connection A 0 on a given fiber E (as stated in Theorem 1.1), and it reveals how this connection varies in a neighborhood. Using the fact that our connections are complex gauge equivalent, we can then show the necessary convergence.
The construction we use is sufficiently general to include all generic SU (n) bundles whose restriction to each fiber is semi-stable. We follow the exposition of Friedman-Morgan-Witten [10] (this setup is also explicitly detailed in [9, 11, 22] ). First, we look at bundles over a single elliptic curve, and then at bundles over elliptic fibrations. Let E be an elliptic curve, and 0 ∈ E the identity of the group law. Denote the trivial line bundle by O, and given a point q ∈ E, let L q := [q − 0] be the line bundle associated to the divisor q − 0. Define I r inductively, with I 1 = O and I r the unique nontrivial extension of I r−1 by O.
Our starting point is the following theorem of Atiyah:
Theorem 5.1 (Atiyah [1] ). Any semi-stable degree zero bundle over E is isomorphic to a direct sum of bundles of the form L q ⊗ I r .
Note that bundles of the form L q ⊗ I r do not admit flat connections unless r = 1. However, we can instead replace L q ⊗ I r with its Seshadri filtration L ⊕r q , and define all bundles with the same Seshadri filtration to be S-equivalent. We then see the S-equivalence class of an SU (n) bundle is determined by n points q 1 , ..., q n (counted with multiplicities) satisfying q 1 + · · · + q n = 0.
Thus we can describe the moduli space of S-equivalence classes of SU (n) bundles as follows. Let W := H 0 (E, O(n0)) be the space of meromorphic functions φ that have a pole of at most order n at 0, with no other poles. By Abel's Theorem φ must have n zeros satisfying q 1 + · · · + q n = 0. If φ has a pole of order less than n at 0, we interpret this as some of the q i are 0. The zeros of φ are preserved under multiplication by an element of C * , and so the moduli space is PW ∼ = P n−1 .
Next we consider our elliptic fibration π : X → P 1 . Over each non-singular value b in the base there is an elliptic curve E b and a moduli space P n−1 b of SU (n) bundles. The authors of [10] demonstrate that the projective spaces glue together to form a P n−1 bundle over the base, which we denote by W. A holomorphic SU (n) bundle E over X which restricts to a semi-stable bundle on each fiber determines a section s of W, which in turn defines a hypersurface C ⊂ X. Specifically, each point b in the base determines n points in E b , thus C is an n-fold ramified cover of P 1 , which the authors of [10] call the "spectral cover". Definition 5.2. We say E is generic if s is not a constant section of nondistinct points.
Our definition allows for constant sections of distinct points. Now, although each E will determine a unique spectral cover, there may be many bundles with the same cover. However, using that the base of our fibration is complex dimension one, E can indeed be reconstructed from C, given the choice of a line bundle R over C (see [10] , also Theorem 4.2. 2 in [22] ). Because this construction has little relevance to the proof of our main result, we direct the interested reader to [9, 10, 11, 22] and references therein, and only present what we need for our argument.
We have that our choice of a bundle E is equivalent to specifying a spectral cover C, and a line bundle R → C. Let Z C ⊂ P 1 denote the ramification points of C, and recall that Z π is the image of the singular fibers under π. Choose p ∈ P 1 \(Z π ∪ Z C ), and construct a neighborhood U of p so that R is trivial on the lift of this neighborhood to C. Working on π −1 (U ), the holomorphic structure of E is completely determined by the spectral cover C. In particular, for any point b ∈ U , we have
The points q i (b) ∈ E b are distinct since we are away from Z C , and they vary homomorphically in U . For notational simplicity we denote q(b) by q. Using this background data we now construct a local HY M connection to use as a fixed reference connection. We will exclusively consider the local picture, and work on π −1 (U ). As a first step, consider the case where E has rank one, so E| E b ∼ = L q . Because deg(L q ) = 0, the bundle E is topologically trivial along each fiber and thus topologically trivial on π −1 (U ). Thus we equip E with a trivial metric H 0 , and fix a unitary frame. Denote our base point as b = (x 1 , x 2 ) in local affine coordinates, and recall that in each fiber we have coordinates (y 1 , y 2 ). We express the point q as
which we write in this form to highlight the equivalence between a point q in an elliptic curve E b and a flat U (1) connection on L q . Recall E b is determined by the quotient T b B/Λ, and so the point q can be lifted to a pointq in T b B ∼ = C. Now, if τ gives the complex structure on E b , we can define the holomorphic structure on L q bȳ
At the end of the section we will demonstrate that the connections we construct are independent of the lift from q toq, and therefore well defined.
From (3.3) we see dz| E b = τ dy 1 + dy 2 , which allows us to compute that the Chern connection on L q with respect to H 0 , which is given by
Since each θ i only depends on the base coordinates, d θ is flat on E| E b . The holonomy around each period in E b is given by e 2πi θ 1 and e 2πi θ 2 , respectively.
Proposition 5.3. The connection d θ is HYM with respect to all three complex structures I, J s , and K s , on π −1 (U ).
Proof. As a first step we show
To see this, because both τ and q are holomorphic in the base, one can compute
Now, using (3.1), the norm of τ is given by
where for the last equality we used det(φ ij ) = 1. Thus
Since both the real and imaginary parts vanish, (5.1) and (5.2) follow. In particular (5.2) allows us to simplify our notation and denote ∂ ∂x i θ j as θ ij , where the indices commute.
The curvature of d θ is now given by
Right away it follows that F θ ∧ ω I,t = 0 for all t. Furthermore, (5.1) implies F θ ∧ ω J = 0 and (5.2) gives F θ ∧ ω K = 0. Thus d θ is a holomorphic and HYM with respect to each complex structure.
We now turn to the general case. Assume E| E b ∼ = L q 1 ⊕· · ·⊕L qn , with each q i distinct. As before write q i = θ i 1 − τ θ i 2 , and construct diagonal matrices Θ 1 and Θ 2 with eigenvalues θ i 1 and θ i 2 , respectively. Consider the connection (5.3)
Our slight abuse of notation in calling the above connection Ξ 0 is justified, since it is the Chern connection with respect to a fixed metric H 0 on E over π −1 (U ). Its curvature is given by
It is clear that F Ξ 0 | E b = 0 for every fiber in π −1 (U ). Furthermore, by Proposition 5.3 we have
Thus Ξ 0 is a local HYM connection with respect to each complex structure, although we only focus on the fixed complex structure I.
To conclude this section we demonstrate that the lift of each point q i in E b to C is well defined. Recall that in the coordinates (y 1 , y 2 ), our lattice Λ is the standard lattice given by 1, 1 . Now, suppose we have another connection Ψ satisfying
where M 1 =diag(α 1 , ..., α n ) and M 2 =diag(β 1 , ..., β n ) are both diagonal matrices of integers, which means both Ξ 0 and Ψ define the same points on E b . Now, if u is the gauge transformation given by u = diag(e 2πi(α 1 y 1 +β 1 y 2 ) , ..., e 2πi(αn y 1 +βny 2 ) ),
Furthermore because all the α i and β i are integers, u descends to a smooth gauge transformation on the torus fibers, and thus the connections are gauge equivalent on π −1 (U ). Finally, since the points q i add up to 0 in the group law on E b , we can find a lift to C where the points still add to 0, and Ξ 0 will be trace free.
Gauge fixing over an elliptic curve
Given our fibration π : X → P 1 and holomorphic bundle E → X, as in the previous section let Z π denote the image of the singular fibers and Z C denote the ramification points of the spectral cover. Note that these sets only depends on our initial setup, and not on the sequence of connections Ξ i . However, we also consider bubbling sets W 1 and W 2 , which do depend on our sequence of connections. The union of these singular sets is finite, and we choose a point in the complement p ∈ P 1 \(Z π ∪ Z C ∪ W 1 ∪ W 2 ). We denote the fiber over p by E := π −1 (p).
Equip E with the fixed Kähler form ω 0 := ω SF | E = dy 1 ∧ dy 2 and corresponding metric g 0 . Recall that E carries the complex coordinate z = y 2 − τ y 1 . Denote the restriction E| E by E 0 , which by assumption is isomorphic to L q 1 ⊕ · · · ⊕ L qn , with each q i is distinct and q 1 + · · · + q n = 0. E 0 is topologically trivial, and can be equipped with a trivial frame and trivial metric H 0 .
As in Section 5, the points q i can be lifted toq i ∈ C to define the holomorphic structure∂
where Q is a diagonal matrix with entriesq i . As our notation suggests, A 0 is the Chern connection associated to∂ A 0 and H 0 . Finally, given our sequence of connections Ξ i , we have the sequence of restricted connections A i := Ξ i | E on E 0 . By assumption A i lies in the same complexified gauge orbit as A 0 , and thus they define isomorphic complex structures. In fact, we can write A i = e s i † A 0 , for a trace free Hermitian endomorphism s i . Before we are able to prove convergence of the connections A i , we first need to demonstrate some type of C 0 control on the gauge transformation relating A i to A 0 , which is the main result of this section.
Theorem 6.1. Let e s † A 0 be a connection on E 0 given by the action of a trace free Hermitian endomorphism s. There exists constants ǫ 0 > 0, and C 0 > 0, depending only on g 0 , A 0 , and H 0 , so that the following holds. If e s satisfies 
Because E 0 is poly-stable, and not stable, the above theorem is the best C 0 control that one can expect. For example, since A 0 is flat, if e s is a diagonal matrix of constants c 1 , ..., c n , then e s † A 0 will still be flat. However, one eigenvalue c i can be arbitrarily large while still preserving the condition det(e s ) = 1 (recall that e s ∈ SL(E 0 )). Thus one can never expect C 0 control for s. The main idea of the above theorem is that, by a suitable choice of normalization, one can construct a related complex gauge transformation that yields the same connection, yet with the desired C 0 control.
We first demonstrate several preliminary results. For the remainder of the section, unless specified, all norms are taken with respect to the metrics g 0 and H 0 , and we remove this from our notation for simplicity. Proposition 6.2. Working in a trivial frame for E 0 , let s be a trace free Hermitian endomorphism such that that the diagonal entries of s have zero average when integrated over E. Then there exists a constant C p , independent of s, so that
Proof. Assume that the inequality does not hold. Then there exists a sequence of endomorphisms s k satisfying the assumptions of the proposition, along with the inequality
Because s is Hermitian with respect to H 0 , we have |∂ A 0sk | = |∂ A 0sk |. This allows us to conclude that the sequences k converges weakly in L 2 1 (and strongly in L 2 ) to an endomorphism s ∞ satisfying
and
Recall we are working in a trivial frame where Q is diagonal. If s ∞ has entries (a ij ), then the diagonal entries of∂ A 0 s ∞ are of the form∂ a ii . Since ||∂ A 0 s ∞ || L 2 = 0, we see the diagonal entries of s ∞ are constant. Furthermore, by assumption the diagonal entries ofs k have zero average, and by strong convergence in L 2 we conclude the diagonal entries of s ∞ must also have zero average. Thus these entries vanish entirely. Now, because the points q i are distinct, the automorphism group of E 0 is precisely n dimensional [11] . Thus if the diagonal entries of s ∞ vanish, s ∞ must vanish entirely. In other words, if s ∞ had any non-vanishing off diagonal entries, they would define a holomorphic map between line bundles L q i and L q j for distinct points q i and q j , which is impossible. So
In the proof of Theorem 6.1 it will be necessary to work in a different gauge, so we extend the above result to this setting. Let u be a fixed unitary gauge transformation, and consider the holomorphic structure∂ u * A 0 . For a Hermitian endomorphism s, the gauge action gives
Assume that u −1 su satisfies the condition that its diagonal entries have zero average over E. We then have
and so by the above Proposition
Thus Proposition 6.2 holds in any gauge, and the constant C p is independent of such a choice.
Next consider the following function spaces, equipped with the L 2 norm. Let Herm 0 (E 0 ) be the space of trace free Hermitian endomorphisms of E 0 , with Herm ⊥ 0 (E 0 ) the subspace consisting of those endomorphisms whose diagonal entries in the trivial gauge have zero average on E. Consider Υ(·) ∈ End(gl(E 0 )), defined by
From the definition of the complexified gauge action (2.1), we have
This allows one to compute [20] ).
Define the map N (s) := e s † A 0 , which maps Herm 0 (E 0 ) into the affine space of connections centered at A 0 , equipped with the L 2 norm. Let A denote the image of the map N . Using (6.3), we see the derivative of N at 0 is given by
The tangent space to Herm 0 (E 0 ) is again Herm 0 (E 0 ). Note that for any s ∈ Herm 0 (E 0 ), ifŝ is a diagonal matrix of constants given by the averaging the diagonals of s over E, then L(s) = L(s −ŝ), and so both Herm 0 (E 0 ) and Herm 
. By the discussion following Propositon 6.2, we see that the above lemma will hold with A 0 replaced by u * A 0 . Furthermore, this will not affect our choice of constants δ 0 , Λ 0 , which only depend on the initial setup.
We now turn to one final lemma. Consider the same constant δ 0 > 0 from above, and let C 0 > 0 be a fixed constant, to be determined in the proof of Theorem 6.1.
Lemma 6.4. Let s be a trace free Hermitian endomorphism, and A a flat connection on E 0 . Given constants δ 0 > 0 and C 0 > 0, there exists a constant ǫ 0 , depending only on H 0 , g 0 , δ 0 , and C 0 , so that if ||s|| C 0 ≤ C 0 and ||F e s † A || C 0 (E) < ǫ 0 , then The C 0 bound for s, along with det(e s ) = 1, demonstrates the eigenvalues of e s are bounded above and below. Thus the left hand side above controls the L 2 norm of the difference e s † A − A, and so ||e
Here C only depends on C 0 , g 0 , and H 0 . Choose ǫ 0 small so Cǫ 0 < δ 0 /2.
As we turn to the proof of Theorem 6.1, recall that the constants δ 0 and Λ 0 depend only on A 0 , H 0 and g 0 . Thus, by the above lemma, if we can show C 0 depends only on these quantities, ǫ 0 will depend only on these quantities.
Proof of Theorem 6.1. Our first task is to specify C 0 . Fix an endomorphism s ∈ Herm 0 (E 0 ) satisfying
Using this curvature bound, along with the inequality − ∆ g 0 |s| 2 ≤ |s||F e s † A 0 | (see for instance Proposition A.6 in [20] ), we can apply Moser iteration to conclude
Here C 1 only depends on g 0 and H 0 . We now set C 0 := 2C 1 Λ 0 . This shows C 0 , and subsequently ǫ 0 , depends only on the initial setup. The main idea of the proof is as follows. We construct a path of Hermitian endomorphisms, so that the curvature of the induced connections along this path is bounded by ǫ 0 . We show the endpoint of our path satisfies the conclusion of the theorem, and then apply a method of continuity argument to conclude our desired result for s. Naively, one may first try to connect e s to Id by the path e ts for t ∈ [0, 1]. However, for arbitrary initial s it is not clear that curvature stays bounded by ǫ 0 along this path, which is an important for the argument. Instead, we follow the Yang-Mills flow.
Following Donaldson [5] , we consider a path of complex gauge transformations g(t), satisfyinġ
23
On a Riemann surface, the above flow is referred to as the Kempf-Ness flow, and given a solution, the corresponding connections A(t) := g(t) † A 0 solve the Yang-Mills heat flow:
. By a Theorem of Råde [26] , there exists a limiting Yang-Mills connection A ∞ for which
Since E 0 is polystable, the limit connection A ∞ is also flat, and in the unitary gauge orbit of A 0 , and so there exists a unitary gauge transformation u ∞ for which A ∞ = u * ∞ A 0 . Consider the trivial flow u ∞ (t) = u ∞ , which again satisfies the KempfNess flow equatioṅ
Define η(t) ∈ Herm 0 (E 0 ), and a path of unitary gauge transformations u(t), by the equation
Thus u(t)e η(t) relates our two solutions of the Kempf-Ness flow. By Proposition 4.13 in [32] , it follows that both u(t) and η(t) are bounded in L 2 2 . The proof of this proposition follows the general argument of [15] . They demonstrate that if M is a complete, connected, simply connected Riemannian manifold of nonpositive sectional curvature, which admits a function Φ : M → R which is convex along geodesics, then given two negative gradient flow lines of Φ, the geodesic distance between these two flow lines stays bounded. In our case, the role of M is taken by the space of Hermitian metrics, and the function Φ Donaldson's functional (see [5, 15, 32] , for a precise definition of Φ).
The bound on η(t), along with convergence of F A(t) to zero in L 2 , allows us to conclude by Lemma 6.4 that there exists a T sufficiently large, so that ||(u ∞ u(T )e η(T ) u(T )
For simplicity we denote the fixed unitary gauge transformation u ∞ u(T ) by u, and define the path of Hermitian endomorphism e κ(t) by ue η(t) u −1 . Then the above estimate can be written (6.7) ||e
It is along the path e κ(t) that we can now apply our method of continuity argument. LetÃ(t) be the path of connections given by e κ(t) † u * A 0 . SinceÃ(t) = (u ∞ u(t)u −1 ) * A(t), where A(t) solves the Yang-Mills flow and u(t) is given by (6.6), we conclude that ||FÃ (t) || C 0 (E) ≤ ǫ 0 for all t ∈ [0, T ]. This follows because the curvature is decreasing along the Yang-Mills flow, and the action of a unitary gauge transformation will not affect this norm. Also, the path A(t) is smooth for t ∈ [0, T ].
To set up the method of continuity, consider the set I ⊆ [0, T ] consisting of times t for which there exists a trace free Hermitian endomorphism κ ′ (t) which satisfies both We prove I = [0, T ]. First, we demonstrate T ∈ I to conclude I is non-empty. By the estimate (6.7), we can apply Lemma 6.3 toÃ(T ), and conclude there exists a trace free Hermitian endomorphism κ ′ (T ) satisfying both (6.8) and an L 2 bound. By our Moser iteration bound this L 2 control can be improved to C 0 , and so κ ′ (t) satisfies (6.9)as well. Thus T ∈ I. We now need that I is both open and closed with respect to the topology induced from the C 2 topology on Herm(E 0 ). For the rest of the proof we use the notation A := u * A 0 . Our next step is to show I is open. Let t 0 ∈ I, and consider the corresponding endomorphism e κ 0 . Construct a small neighborhood of e κ 0 with radius ρ > 0, where ρ is chosen so Since p / ∈ W 1 ∪W 2 , we have t i m i → 0 as i → ∞, so ||F A i || C 0 (E) → 0. Writing A i = e s i † A 0 for a sequence of Hermitian endomorphism s i , for i large enough we can apply Theorem 6.1 to conclude there exists gauge transformations s ′ i , which are uniformly bounded in C 0 , and satisfy A i = e s ′ i † A 0 . Thus, as in the proof of Lemma 6.4,
Furthermore, since A 0 is flat, we can integrate by parts and change the order of derivatives to conclude: 
1 (E) → 0, which is the first goal in the proof of Theorem 1.1.
Next we prove smooth convergence, allowing for the action of unitary gauge transformations. Specifically, since p is away from the bubbling set, there exists a small disk D ρ (p) that does not intersect W 1 ∪ W 2 . We use the same coordinate transformations λ i in the proof Proposition 4.1 sending p to the origin and scaling. Consider the rescaled metricsω i = t Applying Uhlenbeck's Theorem [37] on the fixed compact set
there exists a sequence of gauge transformations u i so that along a subsequence, u * iΞ i converges smoothly to a limiting Yang-Mills connectionΞ ∞ . Restricting our attention to the fiber E over the origin yields a sequence of connections u * iÃ i which converges smoothly to a limiting flat connectioñ A ∞ . Note that our fiber coordinates are not scaled, and the restriction of ω t i to E is equivalent the standard metric ω 0 = dy 1 ∧ dy 2 . Thus, on E, we 27 see u * i A i converges smoothly to a flat connection A ∞ . The connection A ∞ may not equal A 0 , but it will lie in the unitary gauge orbit.
